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In studies of spatial or temporal beta diversity, community composition data, often containing many zeros, must be transformed in some way before they are analysed by multivariate methods of data analysis. Data are transformed to reduce the skewness of species
distributions and make dissimilarities double-zero asymmetrical. Criteria have recently
been proposed to determine which dissimilarity functions (or the corresponding data
transformations) can be used for beta diversity assessment. The chord transformation is
often used as the preliminary transformation for frequency data. When the Euclidean
distance is computed on chord-transformed data, a chord dissimilarity matrix D is produced, which obeys the proposed criteria. The Hellinger transformation, i.e. the chord
transformation applied to square-root transformed frequencies, is also often used with
community composition data prior to multivariate analyses; it leads to the Hellinger
dissimilarity, which is another widely used D function in beta diversity studies. Among
the data transformations often used in simple or multivariate data analysis, the Box–
Cox method provides a useful series of transformations to make data distributions more
symmetrical, where exponent 1 is the absence of a transformation, exponent 0.5 is the
square-root, exponent 0.25 is the fourth-root, and the log transformation is the limit of
the Box–Cox function corresponding to exponent 0. Combining the two previous ideas,
this paper proposes to combine any transformation of the Box–Cox family with exponent in the [0,1] range with the chord transformation. In particular, one can compute
the loge(y + 1) transformation of a community composition (or other frequency) data
table and follow with a chord transformation. A D matrix can be computed from the
doubly-transformed data. The transformations and D functions in that family inherit the
properties of the chord dissimilarity, and this ensures that they all follow the necessary
criteria for beta diversity assessment that have recently been proposed.
Keywords: Box–Cox-chord family, double-zero asymmetrical coefficients, skewness
reduction

Introduction
Before analysis by linear methods such as PCA, RDA and k-means clustering,
community composition data, which often contain lots of zeros, should be transformed
to satisfy two objectives. The first is to reduce the skewness of the data distributions.
––––––––––––––––––––––––––––––––––––––––
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The second objective is to make the dissimilarity, preserved
during the analysis, double-zero asymmetrical. These two
conditions are explained in the first two sections of this paper.
Satisfying these two conditions can be achieved by a
family of transformations that we are proposing to call the
Box–Cox-chord family, which includes some of the transformations widely used by ecologists. These transformations are
the first step before computing dissimilarity indices. While
investigating this family of transformations, a new approach
emerged, the log-chord transformation, which fills a gap in
the array of transformations that ecologists can use for the
analysis of community data.
Log-chord transformed data can be used to compute a
new dissimilarity function, the log-chord D coefficient. It
combines the log transformation, which belongs to the Box–
Cox family, and the chord distance. The interest of this new
D index for ecological analysis will be discussed.
Skewness reduction

Community composition data are notorious for their highly
skewed distributions. Artificial data with lognormal distributions, rounded to integers, have long been used to represent
community composition data in simulation studies (Gauch
and Whittaker 1972) because their skewness is comparable
to that often encountered in real community data (Preston
1948). This is the reason why real community data are often
log-transformed before analysis, especially when using linear models such as principal component analysis (PCA) and
canonical redundancy analysis (RDA). Reducing data skewness helps disperse clouds of points in ordination and other
methods of multivariate analysis, thus facilitating visualization and interpretation.
Not all ecological data are as strongly skewed as lognormal
data, but for data distributions that are increasingly skewed to
the right, the Box–Cox method (Box and Cox 1964) proposes
a continuum of transformations that goes from exponent
1 (no transformation) to 0.5 (square root) to 0.25 (fourth
root) to 0 (log transformation). The complete equation of
the Box–Cox transformation is: f ( y , λ ) = y λ − 1 / λ ; the
limit of this equation as λ approaches 0 is loge(y) (Box and
Cox 1964).

(

)

Double-zero asymmetrical D coefficients

Ecologists have long known that untransformed (site  species)
community composition data should not be analysed using
the Euclidean distance, or through methods of multivariate
analysis that preserve the Euclidean distance, such as principal component analysis and redundancy analysis, where
calculations are carried out in Euclidean space. This is the
case, for example, with k-means clustering, where the sums
of squared deviations from the group centroids are computed using Euclidean distances. Clear demonstrations of the
difficulties encountered when using the Euclidean distance,
or methods that preserve it, for the analysis of community
composition data have been given by Orlóci (1978), Legendre
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and Gallagher (2001) and Legendre and Legendre (2012).
These authors based their demonstrations on the fact that the
Euclidean distance was not a double-zero asymmetrical coefficient, which led to contradictory results and aberrant distance matrices when applied to real or simulated community
composition data sets. For example, the Euclidean distance
may produce D values indicating that sites with no species
in common are closer (i.e. less dissimilar) to each other than
sites that share most or all of their species.
On the contrary, in coefficients that have the property of
double-zero asymmetry, the dissimilarity D does not change
with the addition of double-zeros to the comparison of two
sites, but it decreases when double-X are added, where X
is any value of equal abundances other than zero. This is a
formalization of the idea, known for a long time by ecologists, that the absence of a species from two sites cannot be
interpreted as an indication of similarity between the sites,
whereas equal abundances for a species that is present at two
sites should make the dissimilarity smaller.
The Euclidean distance is also missing other properties that are necessary for sound assessment of beta diversity. Besides the double-zero asymmetry property described
above, the missing necessary properties are the following
(Legendre and De Cáceres 2013): 1) pairs of sites without
species in common should have the largest D value; 2) species replication invariance, i.e. if the community composition data are repeated in two or several copies, the D matrix
should be identical to the original D matrix; 3) invariance
to measurement units; for example, the D matrix should be
the same if biomass data are expressed in g or in kg; 4) a
D function should have a fixed upper bound, Dmax. The 14
properties investigated by Legendre and De Cáceres (2013)
over 16 dissimilarity coefficients are described in Appendix 3
of their paper.
Examples of double-zero asymmetrical coefficients, listed
in Legendre and De Cáceres (2013), are the chord (especially
important in this paper, see next section), Hellinger, percentage difference (aka Bray–Curtis), Canberra, Whittaker,
divergence, Wishart, and Kulczynski dissimilarity coefficients, plus their binary counterparts, which are the Jaccard,
Sørensen and Ochiai dissimilarity indices. Legendre (2014)
also found that the quantitative Ružička dissimilarity, whose
binary form is the Jaccard D coefficient, had this property.
The double-zero asymmetry property depends on the presence of a denominator in the formula of a coefficient, which
induces an upper bound for the D value and ensures that
double-zeros (that do not change the denominator) and double-X values (that do) are treated differently. The Euclidean
and Manhattan distance formulas, for example, have no
denominator; for that reason, they do not have fixed upper
bounds and they are double-zero symmetrical.
The Box–Cox-chord family of transformations

The chord distance has been known for a long time. The
chord of a circle was described in Book III of Euclid’s
Elements (in ancient Greek: Στοιχεῖα, Stoicheia) about 300

BC. The chord distance was used by Hipparchus of Nicaea
(190 to 120 BC) and, later, by Claudius Ptolemy (100 to
170 AD) to compute the first trigonometric tables, which
were applied by these astronomers to calculate the motion
of celestial bodies. The chord distance was first applied to
community composition data by Orlóci (1967).
The same year, Cavalli-Sforza and Edwards (1967) proposed a variant of the chord distance for the analysis of
genetic data, where the relative frequencies are square-rooted
before being used in the chord distance formula. The result
is not the chord distance of Orlóci (1967) but the Hellinger
distance, often used by ecologists, as shown below. To our
knowledge, this difference has never been mentioned in the
literature. During the past 50 yr, ecologists and geneticists
may have thought that the chord distances they were using
were the same, but that was not the case. In the version of
the chord distance described in their paper, Cavalli-Sforza
and Edwards (1967) further divide the computed distances
by π/2. This transformation facilitates interpretation of the
distances in terms of gene substitution.
The Box–Cox family of transformations gave us the idea
to compute the chord distance on community composition
data that have been transformed with various exponents of
the Box–Cox family. Here is the reasoning.
1) Untransformed community data are the same as data
transformed with exponent 1. The chord distance computed
on untransformed data is thus equivalent to computing that
distance on data transformed with exponent 1.
2) The Hellinger distance is the chord distance applied
to square-root transformed data, where the square root is
exponent 0.5 in the Box–Cox family of transformations. The
demonstration is the following: 1) the chord transformation
formula is yij′ = yij /

∑

p

2
j =1 ij

y ; 2) let us replace yij in the for-

mula by square-rooted data zij =

yij ; 3) the chord trans-

formation formula becomes yij″ = zij /
yij″ =

yij /

∑

p

y =

j =1 ij

∑

p

2
j =1 ij

z ; hence (4),

yij / ∑ j =1 yij , which is the formula
p

of the Hellinger transformation. The chord and Hellinger
dissimilarities are obtained by computing the Euclidean distance from chord and Hellinger transformed data, respectively. Taking the square root is thus a possibility before
computing the chord distance. The square root reduces the
asymmetry of modestly asymmetric data distributions before
subjecting data to linear methods of analysis.
3) Following this line of reasoning, why not compute the
chord distance on community composition data transformed
with any exponent in the [0,1] interval? This paper describes
the resulting log-chord transformation and distance.
The log-chord transformation and distance

For data that are strongly asymmetrical, the Box–Cox
family suggests that one could log-transform the data before

computing the chord distance. The log transformation is the
limit of the Box–Cox function when the exponent tends
to 0. The novel idea of the present note is to use a chord
transformation, or compute the chord distance, after having
log-transformed the data.
Ecologists often apply the y′ = loge(y + 1) transformation
to community composition data after adding the constant
1, because species frequency data contain zeros and
log(0) = –Infinity. If y = 0, the y′ = loge(y + 1) function returns
the value y′ = 0. The log base is of no importance as long as
all data in the matrix are transformed using logarithms with
the same base. However, when subjecting log(y + 1) transformed data to multivariate linear methods of analysis that
preserve the Euclidean distance, the analysis implements the
Euclidean distance, which is an inappropriate dissimilarity for community composition data, as shown in the section on Double-zero asymmetrical D coefficients. The main
problems with this distance are that it does not have an upper
bound and it is double-zero symmetrical even for loge(y + 1)
transformed data.
The log-chord distance possesses the 9 necessary properties described by Legendre and De Cáceres (2013) and
would thus be appropriate for beta diversity studies. This
D coefficient combines two objectives: the log transformation makes the species distributions more symmetric, reducing the importance of the very abundant species, whereas
the chord transformation produces a double-zero asymmetrical D coefficient, which can be used in beta diversity
studies. This combination represents a fully justified use of
log-transformed data in community analysis. In the computation of the log-chord distance matrix, since the chord
distance is computed after the log transformation, the D
matrix inherits all properties of the chord distance (Legendre
and De Cáceres 2013, Table 2) that these authors considered
important for beta diversity studies.
When applied to presence–absence data, the chord, Hellinger
and log-chord distances produce the Ochiai dissimilarity, or
more precisely: DHellinger = Dchord = Dlog − chord = 2 1 − SOchiai
where SOchiai is the Ochiai similarity index (Legendre and
Legendre 2012). Transformation of presence–absence data
using any exponent, followed by a chord transformation and
calculation of the Euclidean distance, produces the same
result. All these dissimilarities have a maximum value of 2 ,
reached when two sites have completely different community
compositions. By opposition, for untransformed presence–
absence community data, the Euclidean distance produces

(

)

p 1 − Simple matching similarity where p is the number of
species; it does not produce the Ochiai dissimilarity.
There were, up to now, four known ecological dissimilarities that could be computed in two steps, where the first
step is a transformation of the data and the second is the
calculation of the Euclidean distance. These transformations have been described by Legendre and Gallagher (2001)
and are implemented in computer software, including the
decostand() function of the ‘vegan’ package in R. The chord
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transformation is one of them. It consists of dividing each
frequency value in a row (site) vector by the norm, or length,
of that vector. The Hellinger transformation is another; it
is obtained by dividing each value in a row vector by the
row sum, then taking the square root of the relative value.
As shown above, the Hellinger transformation can also be
obtained by taking the square root of the raw abundance data
(y0.5) and applying the chord transformation to the squarerooted values. The last two dissimilarities in that group are
based upon the profile and chi-square transformations; they
do not produce distances that are fully appropriate for beta
diversity studies (Legendre and De Cáceres 2013, Table 2)
and will not be discussed further here.
The log-chord transformation is obtained as follows:
1) Log-transform the raw abundance data, as explained in
the previous section:

(

)

yij′ = log yij + 1

2) Compute a chord transformation of the log-transformed
data y′ij:
log-chord transformation: yij″ = yij′ /

∑

p
j =1

( yij′ )2

This double transformation is computed by function box.
cox.chord(); see the Discussion section below, as well as
Supplementary material Appendix 1 (example 1) and
Supplementary material Appendix 4. One can stop at this
point and directly use the transformed data y′′ij as input into
linear methods of analysis, such as principal component
analysis (PCA), redundancy analysis (RDA) or k-means clustering, that preserve the Euclidean distance. The results of
these analyses will preserve the log-chord distance among
sites instead of the Euclidean distance. Note that the transformed data do not vary with the logarithm base because
log-transformed values y′ij are found in both the numerator
and the denominator.
Else, if a dissimilarity matrix is needed, for example for
clustering, one can compute the Euclidean distance from the
log-chord-transformed data to obtain a matrix of log-chord
dissimilarities. See Supplementary material Appendix 1,
examples 1, 2 and 3.
Or else, in studies of beta diversity, one can pass the
untransformed abundance data to the beta.div() function of
the ‘adespatial’ package and run it with method = ‘log.chord’
to compute total beta diversity (BDTotal), which is then the
variance of the transformed multivariate input data.
The chord distance, and hence also the new log-chord
distance, are distances in the strict sense, i.e. metric dissimilarities, since these D indices have the four properties of a metric:
minimum of 0 (if x1 = x2, then D(x1,x2) = 0), positiveness (if
x1  x2, then D(x1,x2)  0), symmetry (D(x1,x2) = D(x2,x1)),
and triangle inequality (D(x1,x2) + D(x2,x3)  D(x1,x3)) for
any three objects x1, x2 and x3. However, several of the measures used in ecology, including those that are appropriate
for beta diversity studies, are not metric, so we use the more
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general term dissimilarity to refer to measures of resemblance
between site vectors.

Discussion: the Box–Cox-chord transformation
1) Why would we need another dissimilarity function? A
log transformation reduces the asymmetry of the species distributions, but it does not produce a distance that is double-zero asymmetrical. We need to go one step further and
compute a chord transformation of the log-transformed data,
as described in the previous section, to obtain a double-zero
asymmetrical D matrix, which is one of the important conditions to carry out beta diversity assessment; see Legendre and
De Cáceres (2013). The log-chord transformation represents
a correct way of using the log transformation in beta diversity
analysis of community composition data.
2) Different exponents of the Box–Cox series can be used
before the chord transformation to produce different forms of
transformed data and dissimilarity matrices that are all appropriate for beta diversity assessment. We call this combination
the Box–Cox-chord transformation. Any exponent in the
[0,1] interval can be used. The regular chord transformation
corresponds to Box–Cox exponent 1 and leaves the frequency
distributions of the data unchanged. The Hellinger transformation includes a square-root transformation of the data and
corresponds to Box–Cox exponent 0.5. The double square
root (exponent 0.25) is sometimes used by ecologists. The
log-chord transformation described in this paper corresponds
to Box–Cox exponent λ = 0. The log transformation offers
the possibility of normalizing more strongly asymmetrical
frequency distributions than the square-root or fourth-root
transformations.
We wrote a function capable of implementing a transformation with any exponent, followed by chord transformation of the data. That function, called box.cox.chord(), is
available as a text file in Supplementary material Appendix 4.
Examples are presented in Supplementary material Appendix
1. Ecologists usually prefer using exponents in the series {0,
0.25, 0.5, 1} because these correspond to conventional ways
of transforming community composition data with various
degrees of asymmetry. We also modified functions dist.ldc()
and beta.div() of ‘adespatial’ and included the log-chord
transformation among the available methods. The functions
can now compute the chord, Hellinger and log-chord distances, which correspond, respectively, to exponents 1, 0.5,
and 0 of the Box–Cox transformation followed by computation of the chord transformation.
3) Users may wish to select the exponent that produces
the largest probability of obtaining the (untransformed
or transformed) observed data as a sample from a statistical population with multinormal distribution. We wrote
another R function that transforms the data using a selection of exponents (chosen by the user), then carries out
Dagnelie’s (1975) test of multinormality. The function, called
BCD(), is presented as a text file (Supplementary material
Appendix 5). Dagnelie’s test of multinormality is described

in Supplementary material Appendix 3. That Appendix also
reports the results of a simulation study indicating when the
test has correct rates of type I error.
4) The Dagnelie test of multivariate normality requires
that n  (rank + 1) where n is the number of observations
and rank is the rank of the column-centred data matrix, or
equivalently the rank of its covariance matrix. The rank of a
covariance matrix is rank = min((n – 1), p) unless collinearity
among the p variables further reduces the rank. When n is
smaller than (rank + 2), the Dagnelie test cannot be computed
because all Mahalanobis distances to the multivariate centroid are equal. In that case, one could determine empirically
which transformation of the community composition data
produces the highest adjusted R-square, or the lowest AICc,
in redundancy analysis (RDA) of the species data Y against
explanatory (e.g. environmental) variables X of interest. The
selected exponent could be used to transform community
data prior to linear analyses such as RDA. This approach does
not aim at normalizing the community data but at optimizing the linear relationships between the transformed data and
the explanatory variables.
Supplementary material Appendix 2 presents transformation results for 7 data sets; six of them are multivariate
data from the community ecology literature and the 7th is a
simulated data set. In each case, we transformed the count
data using exponents from 0 to 1 by steps of 0.1, plus exponent 0.25 which corresponds to the double square root, a
transformation occasionally found in the ecological literature. The data raised to each exponent were then chordtransformed. All these data were submitted to a Dagnelie
test of multivariate normality to determine which version
provided the largest probability of obtaining the observed
data as a sample from a statistical population with multinormal distribution: data with exponent transformation
only or exponent plus chord transformation. Analysis shows
that different data sets may be best transformed using any
one of the exponents in the [0,1] range under investigation
here. Using this strategy will produce data that are closer
to multivariate normality. This may, in turn, lead to better
analyses by Euclidean-based linear methods like PCA, RDA
and k-means clustering.
5) When the community composition data are analysed
by RDA with explanatory variables, a better approach would
be to apply in turn various values of the Box–Cox exponent to the community data, compute the RDA, and test
the normality of the residuals. A computer function could
be written to carry out these analyses in a loop for a series

of values of the Box–Cox exponent. One could then select
the transformation that produces RDA residuals closest to
normality.
Selecting the best normalizing transformation in a linear
modelling situation is easy for univariate data, using function boxcox() of the MASS package in R. That function looks
for the Box–Cox exponent that maximizes the log-likelihood
described by Box and Cox (1964), yielding the best transformation of the model residuals to meet univariate normality.
That function is only applicable to analyses conduced with
the linear modelling functions lm() or aov() of R, though. It
cannot be applied to multivariate data and to RDA.
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